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Symmetry Adaption
IV. The Force Constant Matrix of Symmetric Molecules

Gerhard Fieck
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Republic of Germany.

The matrix of force constants of a symmetric molecule is reduced to its in-
variants (nearly diagonal form). For the case of distance dependent potentials
these invariants are expressed by the derivations of the potentials and geo-
metric factors. For the purpose of parametrization the inversions of these
formulae are derived. The general equilibrium condition and the elimination
of the translational and rotational coordinates are discussed. The example of
the tetrahedral AB, structure is worked out.
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1. Introduction

As a further application of the SALC coefficients proposed in I [1] we want to
attack a problem connected with symmetry coordinates. In doing so we shall
use the mathematics worked out in II [2]. Our notations refer to this paper and
the closely related example III [3] of the molecular overlap matrix. The problem
is as follows: In a molecule A, B,C,. .. with symmetry group G there are given
distance dependent potentials @(|4,—B,|). For sake of generality we allow
different potentials for symmetrically inequivalent edge vectors S,=A,— B,:
(S, |4;,— By)). It is clear from the first that the normal vibration frequencies in
harmonic approximation will depend on the first and second derivatives of the
potential only. We want to derive an explicit formula for the force constants with
respect to symmetry coordinates as functions of these derivatives. The force
constants will still form matrices with non-diagonal elements if there is more than
one coordinate of one symmetry species. But the remaining diagonalization
depends on the masses of the atoms A, B, etc. and cannot be achieved by group
algebraic methods.
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2. General Potentials

For the first step to our aim it is not necessary to restrict the molecular potential
in any way. We therefore start with an arbitrary potential V(A{, 45, ..., By,
B;, . . .), where the vectors A/ etc. mean the actual nonequilibrium position and
A; the equilibrium. Thus the deviations are

AA;=A]—A, (L

For the partial differential operator with reference to component 44,,, of vector
AA; we write:

V(Aim)=0/0AA4%, (2

The component indices refer to the complex basis of the spherical harmonics
|Im). The formal complication of using complex coordinates has, of course, no
consequences for our final results, but conforms to the definition of the gradient
operator in the algebra of spherical harmonics [4]. The Cartesian force constants
then are:

F(Aim, Bkn)=V(Aim)V(Bkn)V/ 4, - €tc. (3)

Since the elongations 44, belong to the angular momentum quantum number
[=1, according to Eq. (20) of II the symmetry coordinates Q of symmetry species
¢ (component p) are given by

Qyep, Avat)= 3 M(yep, Adiva, (H)Im)-A4,, @

Here we have omitted the multiplicity index f, because with the exception of the
very low symmetries C,, C,, and C,, the representations resulting from /=1 by
subduction are different from each other. So we can save space and § may be
supplemented afterwards, if necessary. The symmetry coordinates of the same
species are distinguished according to the equivalent atomic set A, the irreducible
representations « and £, which occur in the reduction of ¢* and /=1, and by the
multiplicity indices o of & in ¢* and y of ¢ in @ x 4. The techniques of I and II
allow the numerical calculation of the coefficients M for arbitrary structures via
tabulated quantities without projection operators. But the algebraic formulae
Egs. (21), (15) of 1L or Eq. (7) of 1l moreover permit the tensor algebraic evaluation
of the symmetry force constants leading to expressions which do neither depend
on the chosen coordinates nor on the numeration of the equivalent atoms. Thus
there is no need to know the numerical values of (4).

The differential operators of the symmetry coordinates are

V(Q, yep, Anab)=0[0Q(yep, Anad)* =Y [04A4,,/00(yep, Avab)]-V(Aim)

and with the inversion of (4):

V(Q, yep, Avat)= Y M(yep, Aina, (£)1m)-V(Aim) ®)
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The matrix of the symmetry invariant force constants then is
F(ca yAOC@ﬁ: ’)/’BOC’a%,) = V(Q9 rep, Adaﬁ)* V(Q ylcps BOC,“%,) V/all 2=0 (6)
The connection between the two force constant matrices is because of (5):

e, yAoal, y' Bo'a't)=
Y M(yep, Aiva, (5)Im)*M(y'cp, Bka'a', (£)1n)F(Aim, Bkn) (7)
iknm

and by inversion:

F(Aim, Bkn)= &)
oY Y My, Aiva, (6)lm)M (y'ep, Bko'a', (6")1n)* Flc, yAaal, y'Bo'a'd’)
xaly o' al’y cp

This is in accordance with Egs. (5) and (6) of III. For the numerical calculation of
the invariants one again must calculate an equal number of elements F(Aim, Bkn)
and then use (8). For the derivation of an explicit formula from (7) onc needs more
information on the potential.

3. The Distance Dependent Potential

As already mentioned in the introduction the potential between A; and B, is
supposed to be @(S, |4;—By|), if A]—B{=S, or |4,—B,|=S. This condition
can be formalized by the triangular matrices defined in Eqg. (37) of II. Since
—A;+ B, +S,= 0, the potential of 4,— B, is

D(S,

—ABT
i

A{—Bk")= Z Z(—ABT)”ZT(
T kr

)qb(T, |7,

and the total potential of the molecule:
V(A], 45, ..., B, B;,...)
-CDS
=1/ ¥ XX ZFCDS)WT( )‘15(5, NOMC)
S§#0 rCp Dg pqgr

The essential of Eq. (9) is the enumeration of the potentials not by the position
vectors, but by the sets S of equivalent edge vectors. Only this sum of physical
interest will survive till the final formulae.

The first derivatives are:

V(Blm)V=—(1/2) Y. Y. Z(—CBS)"*t (‘[f o0 ) PSmE(S,IS)  (10)

S#0 rCp
As for the second derivatives we have to distinguish two cases:
—ABS

V(Aimy 7 (Bkm)V=—~ Y ¥ Z(~ABS)”21< o

S#0 r

) V(Srm)*V (Srm)®(S, |S;]

(11)
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with 4;# B, , and

V(dimp7 (i)=Y Y Z(—ADS)*t

S#0 Dgr

( “f 5 f >I7(Srm)*l7(Srn)(15(S, IS/
(12)

In order to get compact formulae for the derivatives at the right-hand side we
express them in spherical harmonics using the gradient formula (1.35) of [4]. We
write
P(S, |S,) =@n) 2 a(S, |S;){S] | 00>
and get for the first derivatives
V(Srm®(S, |S,|) =(4n/3)'2 &'(S, |S; )<S; | 1n), (13)
where @(S, x)=d®(S, x)/dx. The second derivatives are
, LT 1+1
7 (Srmy* 7 (Srm)@(S, [S.P/S;=S,= ¥ o(L, S) (S, | LMy (14)
o M mn

with 6(L, S) = (4n/3)"2CLIF(SP|[1>D'(S, S). For L* cf. Eq. (58) of I1. Because we
use the spherical harmonics in the phase convention (r|im) =il ¥, (9, ) we
repeat the reduced matrix element:

LWy =[8(L, I+ 1)L *+8(L, 1-1)IY2]. |}d—dr~ r+l(—l+—1);2rL(—L+—Q]

According to the selection rules there are two functions:

a(0, S)=(4n/3)"*["(S, S)+28(S, S)/S]

(2, S)=(8n/3) "2 [P"(S, $)— (S, S)/S]
We mention that ¢(0, S) vanishes for Coulomb potentials (S#0). We now can
substitute (11), (12) and (14) into (7). For the force constants between inequivalent
set 4% B we only need (11) and (14):

Fle, yAuat, y'Ba'a't)=— 35 o(L,S) Y Y M(yep, Aiva, (£)1m)*

LS#0 imk nrM
—ABS\/LT 171
i kr M mn

(15)

-M(y'ep, Bka'a', (ﬂ)ln)Z(—ABS)”%( ><Sr | LM
The second sum is in exact accordance with Eq. (12) of III and we can express
the force constants in close analogy with Eq. (11) of III by a “physical factor”
o(L, S), i.e. the derivatives of the potentials, and a geometrical one:

Fle, yAnab, y'Ba'a't)=— 3, o(L, S)-G(Auald, Ba'a'14', yy'e, L, S) (16)
LS#0
Because the geometrical factor can be evaluated via Eq. (15) of 111, we have solved
our problem in this case. Of course the factors can be taken over if LCAO calcu-
lations involving p-orbitals already have been worked out. We shall profit by this
in our example.
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In the case of force constants within an equivalent set 4 we get two sums, one for
i#k and one for i=k, Using (11) and (12) we derive from (7);

Fle, yAoad, y Au'a'¢Y= 3 Y M(yep, Aina, (£)Ilmy*V (Srm)*7(Srn)®(S, |S;))

S#0 irmn
—A44S8
~i:MM(y’cp, Ako’a’, (ﬂ’)ln)Z(—AAS)”Z‘E( k r)

—ADS
+ Y M(y'op, Ain'a', (ﬁ’)ln)Z(-ADS)”%( ) )]/s;ss,

Dy 1 qgr

Inserting (14) again we get two terms, the first of which has the same structure as
(16) and the second one leading to a second geometrical factor:

Fle, yAaad, y'Aa’a't Y= 3. o(L, S)[—G(daalé, Ax'a'14’, y'y'c, L, S)

LS+#0

+ H(Aoalb, Ax'a'16, yy'e, L, S)] (17)
The second factor is defined by

H(Aoazlt, Aa'a’ 16", yy'e, L, S)
=N S M(yep, disa, (E)Im)y*M(y'cp, Aia'a’, (6')1n)

irmn DgM

. , (—ADS\[(L* 1"
Z(— ADS) ‘c( l, qJ(M . n)(Sr]LM> (18)

and is evaluated in analogy to the G factor. As in this case we start with Eq. (7) of I11,
express the 3jm-symbol in the s.a. basis as in Eq. (13) of III and insert this into
(18). Now there are three V-coefficients, which again are collected in a Racah-
and one V-coefficient. We then have:

H(Aoait, Aa'a'14", yy'e, L, S)
0ty Y T S i LN Y
= ?LZ/ c -58 y,d+ £+ ﬁ, Z ﬁ’ evv'n

ann’ irDg uds <

7 '

v Cﬁ Z’/+ :) (Aoan | A)(A; | Ao'a'n')(S, | L;m’s)Z(—ADS)”Zr<_A D S>

iqr

In difference to the G factor in III we now have the product of two standard
functions of 4;. According to Eq. (43) of II this can be expressed by a sum of
standard functions. With the convention, Eq. (9) of II we get:

(Aoan | A)A; | An'a'n')=(A; | Ax'a'n')(A; | Axa™n)
_ ﬁ;p Py(A, qo/Ha'a'Hom*)VﬁC; :’ ;‘ )
(4; | Ap/p)
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The sum over V, and V, can be evaluated immediately. In addition we expand
{S,|Luds) in standard functions as in Eq. (12) of II:

H(Aoald, Aa'a'18’, yy'c, L, S)

L*1*1 4t o't a
=0 (abc* I 24
Y(a/ £ )Z Z Z Ss(ﬂd“’ £+ K) (0 ﬂ ﬂl>£yy'”

irDg p done

P (A, 9d |0’ |0a WA Adpd T 5)o(SO, Lpt)
X (S,|S645)Z(— ADS) ¢ < A qD S)/dl

Finally the two standard functions and the t matrix form a special polyhedral
isoscalar, cf. Eq. (42) of I1:

H(Awalt, Ad'a'14", yy'c, L, S)

@(ﬁ—k)zz <L+1+1)W( +a/+a>
= QO , ,

sop @dDy AN AN c ¢ 4 eyy'n
4 D
d+
The essential sums are « and D, the rest being due to multiplicities. Thus the
structural coeflicients defined in II, PIs, P and ¢, suffice to calculate all the geo-

metrical factors in (17). In the following sections we work out some further
consequences. But first we must come back to the tacitly presupposed equilibrium.

(19)

P (A, 0d " a2 |oa )PIA( 65)6(554/, L[ Z(D)Z(— ADS)/dim «£1'*

4. The Equilibrium Condition
The general equilibrium condition is:

VARV 540 =0 (20)
The insertion of (10) and (13) yields:

CAS
Y Y Z(—CAS) e < )@(S S)S, | 1n)=0
S$#0 rCp pkr
Now follow the manipulations: Transformation of <S, | 1n) into the s.a. form
¢S, | 14ty and expansion of the latter in standard functions according to Eq. (12)
of 11, multiplication by (4, | Axxs) and summation over k. This yields:

Z(— CAS)' *t —cAs (A, | Aaas)(S, | SBL)(SBE, 1NP'(S, S)=0
I s

S#0 rCp pk

Because the sum over p is invariant under the symmetry transformations the
equation is trivially zero for ##4". So we consider «=#". From Eq. (42) of Il
follows the special case:

Pls(“c A S>=5(aa £ Z(S)dim #]~ 112 Z T<—f: f)

o oa Bt pikl
(A | Aot p)(S, | SPtp)
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where » again means the totally symmetric representation. Inserting this we finally
get the equilibrium conditions in the invariant form:

Y Y [ZO)Z(— CAS)]>Pls <"C A+ S > o(Spt, DD'(S, S)=0 1)
S£0 CB o af” P

(21) implies a condition for every set 4 and for each representation £, which is
simultaneously contained in ¢4, ¢° and 21(0(3)). We shortly discuss the example
C(CH,;),. There are two independent shape parameters, the radii of the C and the
H spheres. The only possible representation is 4= T ,, which is contained in ¢
and ¢". Thus there are two Eqs. (21), the set 4 representing either the C atoms or
the H atoms.

In general the different potentials @(S, S) will compensate each other at the
equilibrium, which implies inner stresses in the molecular framework. If this is
not the case, all potentials take on their minima simultaneously:

P'(S, $)=0

This assumption halves the number of independent parameters in (15) and
produces additional connections between the force constants.

5. Special Cases and Sum Rules

We discuss the special case of one of the equivalent sets containing the central
atom only, B= 0. (16) then becomes

F(', yAvat, Oob')y= =Y o(L, A)G(Aoalt, Oc14', y14', L, 4) (22)

L
where the special G factor is given by Eq. (16) of III.

For the diagonal elements with 4=B= 0 we must specialize (17). As (15) shows
the factor G vanishes in this case for S#0 and we only get terms with H factors:
F¢, 008, 0s6)=06(4,4") Y. o(L, SYH(Os14, 0014, 114, L, S) (23)
LS
where the special factor is:

+ 1+
H(Os14, 0014, 114, L, S)=[Z(S)/dim £]"* ) [S< L 1+ 1
P e €78

To get (24) one needs Eqs. (45) and (46) of II. Because L has only the values 0 and
2 in the expressions {16) and (17), it will be helpful to explicate the simple geo-
metric factors for L=0:

G(Aoals, Ba'a'1£', yy'c, 0, S)=6(4, £)0(a, «)o(y, y )W Z(— ASB)/dim «]"?

.Pls(_’i S B )(Z(S)/4n)”2

Ol ks “,@’

)C(S&, Ly) (24)

H(Axalt, Ao'a'16 ", yy'¢, 0, S)
:5(“7 al)é(a7 @/)5(ﬁ9 ﬁl)é(% ¥ /)Z(‘—ADS)(AI'TE)“UZ
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where we used Eq. (46) of II and the special case:

Pls( ADS)z[Z(—ADS)/Z(A)Z(D)Z(S’)]”2 (25)
000

As in III we can set up several sum rules for the diagonal elements of (17). In
simple cases as for instance P, or if the non-diagonal elements can be neglected,
these sum rules apply immediately to the quadrates of the normal vibration
frequencies. One has to calculate the analogues of Egs. (20-22) of III for the

factor H. The analogue of Eq. (21) of III is

Y dim ¢- H(Aaa 14, Aoalé, L, S)=08(L, 0)(3/4n)*2Z(— ADS)dim =/Z(A)
g'}/’C
(26)
where we suppose Z(—ADS)=0, if —ADS is no triangle. This yields the sum
rule:

Y dim ¢- Fle, ydaat, yAnat)=— ¥ [@"(S, S)+20'(S, S)/S]

bye §#0 (27)
. —A8 4 .
[(Z(— ASA)Z(S)dim w}”zPls< o )— Z(— ADS)dim 4/Z(4)]

(0272
and with further summation simply:

Y. Y. dim ¢- Fle, yAuat, yAoal)= Y, [®"(S, S)+2®'(S, S)/S]Z(~ ADS)
aat yo S#0 (28)

We again remark that the right side vanishes for purely Coulombic interaction.
In this case the matrix of the force constants would not be positively definite.

6. Parametrization

If it is possible to determine all the invariant force constants by experiment one
can regard @"(S, S)and ®'(S, S) as fitting parameters. For this purpose one needs
the inversion of (16) and (17). One again uses the orthogonality relation (24) of I11.
We derive from (16) ‘
o(L, S)=—(4n/Z(—~ASB)) Y Y dime
aad' ' b6 vy

-G(Aaalb, Ba'a'14" yy'e, L, SY* - Fle, pAaal, y'Ba'a't"), (29)
which gives the parameters o(L, S) for the edge vectors S connecting different
sets 4 and B. For the parameters within one equivalent set we have to invert (17).

The second term in (17) makes no trouble, because we fortunately have the following
orthogonality of the factors G and H:

Y Y dime

aaa’ o’ 66 yye
G(Aaald, Aa'a'1b', yp'e, L, SYH(Aoald, Ad a1, yy'e, L, S)
=8(L, L)S(L, 0)5(S, 0)[4nZ(— ADS)]~* (30)
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Therefore (29) is the inversion of (17) too (with 4= B, S#0), and we can calculate
all free parameters from the force constants. In order to prove (30) one uses the
orthogonality relations of the W coefficients and isoscalars as in the case of
Eq. (24) of I1I. The essential point then is the relation

Y, >, PIs}

xra '’y

( A4S A)P,M, o |a'a e )= 5(S, 05, (g, 1)3(d, ),
aa” dd o

(31)

from which (30) follows immediately.

7. The Elimination of Translation and Rotation

Since we have started with the Cartesian coordinates of all atoms, the symmetry-
invariant force-constant-matrix contains still the two zero-frequency eigenvalues
of the translation and rotation of the whole molecule. In order to reduce the rank
of the matrix it may be desirable to eliminate them. This is done by the conditions
introduced by Eckart [5]:

Y m(A4)-44,=0 (32)
Ai
S m(A4)- A;x 44;=0 (33)
Al

where m(A4) 1s the mass of one atom of set 4. By inversion of (4) and insertion into
(32) we get:

Ym(A) Y. Y M(yep, Aina, (6)1m)- Q(yep, Avat)=0

Ai aal yep
We first evaluate the sum over .. Because of

2 (A Anaq)=da, d(a, 2)d(g, 0)Z(4)'?

we get:

Z M(yep, Aina, (£)1m)=0(x, 1)0(a, 2)0(4, 0)6(p, 1) Z(A)*(Im | lep)

and therefore

Z m(A)- Q(1ep, AIO&)Z(A)1/2<lcp ‘ Im>=0

Acp
By summation with (1m | 14r) the first condition yields:
Y m(A)Z(A)'?Q(1¢4r, Alet)=0 (34)

A4

In order to evaluate (33) we have to express the vector product by Clebsch—Gordan
coeflicients or 3jm-symbols, cf. formulae (5.1.5), (5.1.8) and (3.7.3) of [6]:

(A;x AA4),=i-2'? Y 4,44, Anlm | 1p)
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We insert this into (33), write A,,=(4n/3)"/24{A4, | 1n), and express 44,, again
by (4). This yields except for an irrelevant factor:

Y, m(A)- ALA, | 1n><1 : 1) NS M(yeq, Aioa, (£)1m)

Ainm nomp aat yeq

Q(yeq, Avat)=0

We convert the |In) basis into the s.a. one, [1#r) etc., express the 3jm-symbol by
an isoscalar and use Eq. (7) of II1. Thus the condition becomes:

SR N,
DI m(A)A(Ailldr>Iss(d+ £+/>VE< [>

Ainat yeq drs/te r N
. i @gﬁ-(»
{1zt ] 1pydim (M2 Vy(ksq

With (I1.13) and the orthogonality of the coefficients V' we get

>(A(Xak ) Ai)Q(ycq, Aaaxﬂ)zo

Y. 2 m(A)A- (Ao, l)lsy(1+ r 1><Icq[ 1p>Q(yeq, Anaf)-dim o~ ?=0

+£+
Axal yeq @ c

and finally by summation with {1p | 1&r):

111
¥ Y m(A)-A-o(Aoa, 1)-Isy( e )-Q(ydr, Aoat)=0 (35)
Aaal y & é’ 0,/

This is a condition for those symmetry coordinates for which « and £ are con-
tained in the representation 2~ (0(3)), & in 2'(0(3)) and of course « in o x 4.

One can take account of the conditions (34) and (35) by forming linear combina-
tions of the coordinates involved, which are orthogonal to (34) or (35) as is done
in [7]. As an example we point to the Egs. (39) and (40) below. An alternative
procedure is to use (34) and (35) for the elimination of one of the involved symmetry
coordinates and the related velocity from the energy function.

8. Example

As an example we study the vibrations of AB, type molecules or complexes. In
accordance with the notations of the example in TIT we designate the positions of
the four ligands by R,, the central atom by O, and the distance vectors between the
ligand atom by S§,=R;—R,. Since the elongation vectors 44; (i.e. 4R; and
40 in our example) belong to the symmetry species T, like the p-orbitals, they
induce the representations

T,xa®=T,x (A, +T)=A,+E+T,+ 7T,
and
T,x06°=T,xA4,=T,.

The geometric factors G for the R-sphere have been listed up in Table 5 of I11, those
for the O-R interaction in the subsequent discussion.
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For the calculation of the factors H according to (19) we have to add to the poly-
hedral isoscalars already included in I1T the factors P defined by Eq. (44) of I1.
These are:

P(R, A Al A)=1/2, P(R, A{| T, Ty)=+/3/2, P(R, T,||T,||Ty)=—1/3/2

Since the polyhedral isoscalars could be tested by Eq. (49) of II we mention an
analogous formula for the factors P:
D ; PE(S, aa||fbllvo)P (S, aa|Bély'c)=0(y, y)dim ¢ (36)
aa fle
Likewise condition (31) must be met. We then can list up the factors A calculated
by (19).

Table 1. Geometric factors H{Az14, Aall, ¢, L, P)- \/Z;z for the tetrahedral positions
R, and center O

(L, P)=

0,5 (2, 5) 0, R (2, R)
Aall, Aalf, ¢
RANT,, RAT,, T, J3 0 14/3 0
RT,1T,, RAIT,, T, 0 -3 0 1/4/3
RT,1T,, RT,1T,, A, NE J6/2 1/./3 2//6
RTAT,, RTAT,, E J3 ~.J6/4 11/3 ~1//6
RT,1T,, RT,IT,, T, J3 -J/6/4 1/3 ~1//6
RTAT,, RT,IT,, T, J3 NG 113 17./6

0A4,1T,, OAT,, T,

We again mention a control formula:

Y dim o-|H(doal4, Ax'a' V4", 77", L, S)|?

aaad’ a'b byye

=[Z(D)Z(— ADS)/2L+ )] 42

2

(37)

-4 D S
Pl
Y S((pd‘“géd)c(S&d’L#)

&

Since the symmetry species A,, E, T, occur only once, we can write down their
force constants immediately:

F(Ay, RT,Ty, RT,T)=\/4n-[(1//3+/3)a(0, $)+(5//6+/6/2)0(2, 5)
+(13/3)0(0, B +(2/1/6)a(2, R)]
=49"(S, S)+®'(R, R)
In the same way we get:
KE, RT,T,, RT,T,)=%'(S, S)+36'(S, S)/S+ ®'(R, R)/R
F(T, RT,T,, RT,T,)=4®'(S, S)/S+®'(R, R)/R

Since 7, is the symmetry species of the rotation according to (35) and
2'7(0(3)) — T,(T,), this force constant should be zero. In order to verify this we
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have to take into account the equilibrium condition (21), which reads in our case:

0 R —R

[Z(O)Z(0R~R)]”2Pls( 47, T,

>c(RT2, D@'(R, Ry+[Z(R)Z(—~ RRS)]'/?

—R R -
-[Pls( S )c(Sszz, l)+Pls( RR S

A, T, oT, AT, ﬁTz)C(SﬁTZ’ DI2(S, 8)=0

Inserting the coefficients from 111 we get:
(R, R)+./68(S, 8)=0
With regard to the geometric relation S=./8/3- R this yields:
F(T,, RT,T,, RT,T,)=[4®'(S, $)//3/3+®'(R, RY}/R=0
With respect to the symmetry species 7, we have three coordinates Q(T,p, 04, T,),
O(Tp, RA;T,) and Q(T,p, RT,T,). The matrix elements of the force constants
of this species are:
F(Ty, RT, Ty, RT,T))=28(S, S)+28'(S, S)/S+(2/)P"(R, R)
+(1/3)P(R, R)/R
HT,, RA\T,, RA,T,)=(1/3)[?"(R, R)+2®'(R, R)/R]
HT,, OA\T,, OA4,T,)=4/3)[?"(R, R)+2®'(R, R)/R]
AT, RT,T,. RA,T)=(/2/3)[#"(R, R)— (R, R)/R]
HT,, OA, Ty, RATy)=—(2/3)[9"(R, R)+2®(R, R)/R]
F(T;, 04,Ty, RT,T,)= —(/8/3)[#"(R, R)—®'(R, R)/R]
Because of T, being the species of the translation coordinate the matrix consisting
of the elements (38) must have a zero eigenvalue. Indeed the transformation

QT yp, 0)=5""P[2Q(Top, RA\Ty)+ AT pp, OA, T)] (39)
O(T,p, B)=(4m(R)* +m(0)*)~ *[m(O)O(T,p, RA,T5)
—2m(R)Q(T,p, 04,T,)] (40)

leads to the intended result. (39) is the translation coordinate, which is no more
coupled to the other two, and (40) fulfils the condition (34). Thus the real vibrations
of species 7', are linear combinations of Q(7,p, f) and Q(T,p, RT,T,).

(38)
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